We have developed an angle-based system, which defines the interaction between incident and reflected waves at a specific image point. We provide details about the technique used for angle-domain decomposition and imaging; in particular, the creation of two types of 3D subsurface angle gathers, as discussed in Part 1. The system, referred to as local angle domain (LAD) consists of two subsystems: directional and reflection. In the directional subsystem, the orientation of the ray-pair normal is represented by dip and azimuth. The reflection angle system is defined by the opening angle between the phase velocities of the incident and reflected rays, and by the opening azimuth, which describes the orientation of the raypair incidence plane measured in the ray-pair reflection plane. The directional angles are defined in a rotated local frame, and the opening azimuth is defined in the ray-pair reflection plane.
INTRODUCTION
Three-dimensional angle gathers provide rich information about the subsurface model: orientation and continuity of subsurface reflectors, locations of diffractors, and angle-dependent reflectivity, required for velocity model determination and reservoir characterization. The multidimensionality and the massive amount of data to be decomposed directly in the subsurface angle domain, to accurately create these gathers, make this operation extremely challenging.
Part 1 of this paper describes a new imaging system for generating two types of subsurface full-azimuth angle gathers: directional and reflection. This paper concentrates on the core techniques behind its implementation. A comprehensive summary of true amplitude, angle-domain migration/inversion methods is given in the introduction to Part 1. Part 2 reviews the angle-domain systems involved in these methods.
In imaging systems, two wavefields, incident and reflected /transmitted, interact at the image points. Each wavefield can be decomposed into local plane waves or rays, which indicate the direction of propagation. The angles formed by the incident and scattered waves are described in many papers related to angledomain imaging (e.g., Beylkin, 1985; Miller et al, 1987; Beylkin and Burridge, 1990; de Hoop and Spencer, 1996; de Hoop et al., 1999; Xu et al., 2001; Bleistein and Gray, 2002; Koren et al., 2002; Brandsberg-Dahl et al., 2003; Ursin, 2004; Zhang et. al, 2007; Koren et al., 2008) .
In this paper we provide complete derivations and definitions that enable angle-domain decomposition to be performed in general anisotropic media, with an emphasis on tilted transverse isotropy (TTI) and converted waves.
The directions of the phase velocities of the incident and reflected rays generally are described by either three Cartesian vector components corresponding to each ray, or by two spherical dual angles. Each dual angle consists of dip and azimuth. Dip represents the tilt of the take-off direction of the phase velocity to the vertical axis, whereas azimuth is the angle between the projection of the phase velocity on the horizontal plane and the inline direction of a survey.
A direction usually is normalized to a unit length; therefore, its three Cartesian components can be defined up to a constant factor. This means that only the ratio between the Cartesian components is important. For this reason, irrespective of whether the ray direction is defined by its Cartesian components or by the dual angle, two independent parameters suffice to define the direction.
A set of four planar angles is required to define an angle-domain imaging system at a given subsurface image point. Two dual angles describe the direction of the incident ray, whereas the other two dual angles describe the direction of the reflected ray. Ray-based and wave equation-based angle-domain migrations are run in systems in which the incident and reflected wavefields at each image point are composed of a wide variety of propagation directions. In the imaging stage, ray pair combinations are used to indicate incident and reflected or diffracted rays. Each ray pair maps seismic data recorded on the earth's surface into a 4D local angle domain. We refer here to Figure 1 reproduced from Part 1 of this paper. The first two angles, m 1 and m 2 , are the dip and azimuth of the ray-pair normal shown by the red line. The third angle c 1 is the opening angle between the phase velocities of the incident and reflected rays. We call the fourth angle opening azimuth c 2 .
The LAD angles are defined in a local frame, which is different for each subsurface point. In the local frame, the vertical axis coincides with an a priori approximately known background normal to the local reflecting surface at each point. This information is unavailable in the early stages of the imaging process, and the vertical axis of the local frame therefore is collinear with the global z axis. Note that the local frame still differs from the global frame by a rotation angle in the horizontal plane. In the later stages, the background velocity model is refined, and the directivity of the local reflectors can be extracted from the seismic image corresponding to this model. This information might be used once it becomes reliable. The orientation of the true normal to the reflecting surface element characterizes the specular direction. The reflection energy in this direction yields the most essential contribution to the final image. Introducing the local frame with an axis in this direction provides a significant advantage: The directions of incident and reflected rays are regularized with respect to the background normal. In cases when the assumed background velocity model and background orientation of the reflecting surface elements are close to the real ones, the high energy is concentrated in small dip angles and all azimuths.
In this study, relationships are established between the directions of the phase velocities of the incident and reflected/transmitted rays on the one hand, and the LAD angles on the other. We discuss a general anisotropic model, and a particular case of transverse isotropy with tilted axis of symmetry of a medium TTI. In addition, qP À qP quasicompression waves or qP À qSV converted waves are studied. This paper describes forward and inverse LAD transforms. The forward LAD transform is used intensively throughout the process of constructing the angle gathers, as described in Part 1. The imaging of each input seismic trace involves finding all the ray-pair sets, and connecting the image points with the corresponding source and receiver locations. Each ray pair is defined by its two slowness directions at the image point. The forward LAD then is used to transform these directions into the four LAD angles, (p in , p re ) ! (m 1 , m 2 , c 1 , c 2 ), which are binned into two angle subsystems: directional m ¼ fm 1 , m 2 g and reflection c ¼ fc 1 , c 2 g. The inverse LAD transform, where the subsurface angles are given and the slowness directions of the ray pair are to be computed, mainly is used to analyze the angle gathers. Examples of this are ray-tracing modeling used in tomographic inversion and amplitude variation with angle and azimuth (AVAZ) analysis.
This paper is an extension of the EAGE Abstract (Koren et al., 2007) , and is structured as follows. First we define the four components of the LAD. Then we introduce the local frame of reference, defined by the direction of the background normal and an additional twist condition, and derive the rotation matrix between the local and global frames. Next we introduce the two subsystems of the LAD: directional and reflection. Then we study the forward LAD transform: from the direction of the phase velocities of the incident and reflected or transmitted ray in the global frame, to the four LAD angles. We find the direction of the ray-pair normal, define the opening reference (zero azimuth) in the reflection plane, and establish the opening angle and opening azimuth. We then define the opening azimuth in the global horizontal plane, in addition to the opening azimuth in the reflection plane, and provide a two-way transform between both instances.
Next we consider the converted waves. In this case, for an isotropic medium, the difference between the incident and Figure 1 . Example of a selected ray pair (incident and scattered) at a given subsurface point M, and the four angles associated with the LAD: dip m 1 and azimuth m 2 of the ray-pair normal, opening angle c 1 , and opening azimuth c 2 . Four scalar angles describing the directions of the incident and reflected rays could be related to four LAD angles, and vice versa. The figure is reproduced from Part 1 of this paper. reflection angles is obtained analytically. This result is further used as an initial guess for an anisotropic case.
The last section is related to the LAD inversion, when the LAD angles and the medium properties are specified, and the direction of the phase velocities of the incident and reflected or transmitted rays need to be found. To find the difference between the incident and reflection angles for a general anisotropic case and compression or converted waves, a nonlinear equation resulting from Snell's law should be solved, and we have developed a detailed numerical procedure for this purpose. We use the SEG/EAGE salt model to illustrate the ray-based mapping (or binning) procedure from surface acquisition geometry to the subsurface LAD angles and vice versa. Surface and subsurface rose diagrams are used to display the illumination intensity in each domain. Finally, we present our conclusions.
LOCAL ANGLE-DOMAIN COMPONENTS
Each ray pair maps seismic data recorded on the acquisition surface into the 4D local angle domain (LAD) space. We define LAD angles as dip m 1 and azimuth m 2 of the ray-pair normal, opening angle c 1 and opening azimuth c 2 . The term ray-pair normal n rays refers to an apparent normal computed from Snell's law for any isotropic or anisotropic velocity model, where both incident and scattered slowness directions are known. This is a normal to a virtual surface formed by the incident and scattered rays. Figure 1 shows an example of a selected ray pair (incident and scattered) and the four angles of the LAD. When the incident and reflection angles are equal, the LAD system might be associated with an axial cross section of a conic surface. The axis of the cone coincides with the ray-pair normal, i.e., it has the same orientation (dip and azimuth). The opening of the cone matches the opening angle, and the orientation of the cross section corresponds to the opening azimuth. For an anisotropic medium and for compression waves, the varying opening azimuth c 2 (with the other LAD parameters fixed) generates a unique noncircular eccentric conic surface. For converted waves in an isotropic medium, we deal with two concentric circular conic surfaces, inner and outer. Converted waves in an anisotropic medium yield two noncircular eccentric conic surfaces.
An arbitrary ray pair is shown at a specific subsurface image point M (element) in Figure 2 . For symmetry's sake, we assume that both the incident and reflected rays arrive to the image point. The incident ray MS emerges from source point S, and the reflected ray MR emerges from receiver point R.
LOCAL FRAME OF REFERENCE
Two frames are introduced at each subsurface image point: global frame xyz and local (background) framexŷẑ, which originate at image point M as shown in Figure 3 . The local frame vertical axis is collinear with the normal to local background reflection surface. Three rotations are performed to obtain the local frame from the global frame. Two of the rotations are defined by the direction of the reference normal n b . The third rotation goes around the reference normalẑ to establish fully the orientation of the local frame relative to the global frame. These rotations, shown in Figure 4 , are defined as follows:
1) The global frame rotates about its axis z ¼ z m at azimuth angle These three rotations yield the following transforms of an arbitrary vector V from the local frame to the global and reverse,
with the resulting rotation matrix Figure 2 . Ray pairs in local and global frames. The figure is reproduced from the EAGE Extended Abstract (Koren et al., 2007) . 
We suggest rotating at twist angle b o until the local crossline axisŷ becomes normal to the north direction,ŷ?N (twist condition), and this results in
where
and a sh is the shooting direction of the survey: the azimuth of the global axis x (inline direction), measured from the north. The local frame is defined fully, provided parameter L sh does not vanish (otherwise one can choose an alternative twist condition). In case of a vertical background normal n b , the only rotation is about this normal, and as a result the localx axis points to the north.
DIRECTIONAL AND REFLECTION SUBSYSTEMS
The ray-pair normal is defined in Part 1 as an apparent normal computed from Snell's law for any isotropic or anisotropic velocity model, where both incident and scattered slowness directions are known. Local directional angles m 1 and m 2 describe the orientation of the ray-pair normal n rays in the local frame of referencexŷẑ, as shown in Figure 5 . The local dip angle of the ray-pair normal m 1 is the angle between the background vertical axis and the ray-pair normal. Vector ML in Figure 5 shows the projection of ray-pair normal n rays on the background reflection surfacexŷ. Angle m 2 is measured between the local inline axisx and vector ML, thus representing the local azimuth angle of the ray-pair normal. The ray-pair normal also is called migration dip, (e.g., Bleistein and Gray, 2002; Brandsberg-Dahl et al., 2003) to distinguish from the actual structural dip of a real reflector. This vector is the normalized gradient of the two-way traveltime at the subsurface image point.
Two other angles, c 1 and c 2 , are displayed in Figure 6 . Vectors p in and p re are the phase velocity directions for the arriving incident and arriving reflected ray, respectively. Angle c 1 is the opening angle between the incident and the reflected-phase velocities. In general anisotropy, the incident angle is unequal to the reflection angle. The three vectors, however -the phase velocities of the incident and reflected rays, and the ray-pair normal -are in the same plane, which we call the ray-pair plane.
The angles between p in and n rays , and between p re and n rays , generally are different. One of them is greater than c 1 =2, the other is less than c 1 =2, but the sum of both is equal to opening angle c 1 . The incident angle for converted waves is larger than the reflection angle, even when propagating in the isotropic medium because compression velocity exceeds shear velocity. Angle c 2 is the opening azimuth. It measures the rotation of the ray pair with the fixed opening angle about the fixed normal of the ray pair.
In our study, the ray-pair normal n rays is considered to be inward. To be more specific, the reflection surface separates the space where rays might propagate from the region where propagation does not take place. The inward normal is directed from the ray propagation to the nonray propagation space.
The LAD angles constitute two subsystems: Angles m 1 and m 2 , that define the orientation (dip and azimuth) of the ray-pair normal n rays , are related to the directional subsystem m ¼ fm 1 , m 2 g. The opening angle c 1 and the opening azimuth c 2 are related to the reflection subsystem c ¼ fc 1 , c 2 g.
FORWARD LAD TRANSFORM

Ray-pair normal
We establish the ray-pair normal n rays in a general anisotropic medium, given the phase velocity directions of the incident and reflected or transmitted rays. In particular, we demonstrate the derivation for a tilted transverse isotropy (TTI) medium. All input data are given in the global frame and include:
• directions p in and p re of the two phase velocities for arriving rays. These vectors are assumed normalized -they have a unit length.
• the dip and azimuth of the TTI symmetry axis, h axis and u axis Figure 5 . Directional system components: dip and azimuth of ray-pair normal in local frame. The figure is reproduced from the EAGE Abstract (Koren et al., 2007) . Opening azimuth is measured in the reflection surface. The figure is reproduced from the EAGE Extended Abstract (Koren et al., 2007) .
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• the two Thomsen anisotropy parameters, d and e. Note that the compression velocity V P in the direction of the symmetry axis is not needed, as we will calculate the ratio of the phase velocity to parameter V P .
The goal is to obtain the orientation of the ray-pair normal in the local frame of reference: dip angle m 1 and azimuth angle m 2 .
In general anisotropy, the orientation of the ray-pair normal can be derived from the phase velocity directions of the incident and reflected rays using Snell's law,
where S in and S re are slowness vectors of the two rays, re are vectors of the slowness directions, normalized to a unit length. Recall that both rays are assumed to arrive to the image point; otherwise, in the case of an arriving incident ray and emerging reflected ray, there would be a minus sign in equation 5. Because the cross-product of two nonzero vectors equals zero, the cofactors are collinear,
where a is an arbitrary scalar parameter. Although we concentrate in this study on the TTI media, this equation is valid for general anisotropy. We accept a ¼ V P , where V P is the axial compression velocity. In this case, the nonnormalized ray-pair normal vector n rays becomes dimensionless,
The ratio of the phase velocity V phs to the axial compression velocity V P is provided by Tsvankin (2001) ,
where h phs is the phase angle, i.e., the angle between the slowness and the medium axis of symmetry. The plus sign in equation 9 corresponds to qP waves, whereas the minus sign corresponds to the qSV waves; d and e are Thomsen (1986) anisotropy parameters. Parameter f reads
and V S is the axial shear velocity. In case of a general anisotropy, one still can find the absolute value of the phase velocity V phs , given its direction p, to apply equations 5 and 6. For this, we find the eigenvalues and the eigenvectors of the Christoffel matrix. The eigenvalues are phase velocities squared, whereas the polarizations help distinguish among qP, qSV, and qSH waves. The Cartesian components of the symmetry axis in the global frame are n axis xglob ¼ sin h axis cos u axis ; n axis yglob ¼ sin h axis sin u axis ; n axis zglob ¼ cos h axis :
The angles between the phase velocity of the incident or reflected ray, and the medium axis of symmetry, h 
For a TI medium, we apply equation 9 twice and find the ratio of the phase velocity to the axial compression velocity for the incident and reflected rays. We use notation b for this ratio,
We convert the slowness directions of the incident and reflected rays from the global frame of reference to the local frame, using the transformation matrix,
Next we apply equation 8 (Snell's law) to obtain the Cartesian components of the ray-pair normal in the local frame of reference,
The vector resulting from equation 15 is nonnormalized. Normalize it for the unit length, so that jn rays j ¼ 1. Finally, using the Cartesian coordinates of the ray-pair normal in the local frame, we find its dip m 1 and azimuth m 2 , also in the local frame,
When we calculate the phase angles, there is no need to convert the direction of the axis of symmetry to the local frame because the phase angles h phs between the axis of symmetry of the TI medium and the slowness direction of the incident or reflected/transmitted ray are true scalar values (angles between two physical directions), invariant in any frame of reference.
The orientation of the ray-pair normal n rays then could be compared to the directions of the incident and the reflected rays, to obtain the incident and the reflection angles apart,
This equation also is valid in any frame. Vertical transverse isotropy (VTI) and horizontal transverse isotropy (HTI) can be considered particular cases of TTI. In the case of VTI, the dip angle of the medium symmetry axis vanishes, and thus its azimuth does not matter. In the case of HTI, the dip of the axis is p=2, and only its azimuth should be specified. The HTI model parameters normally are obtained from the "orthorhombic" Thomsen parameters d 2 , e 2 , f 2 , rather than the TTI parameters e, d, f, used in equation 9, and the vertical compression velocity V ver often is given instead of the axial compression velocity V P . Parameter f 2 is similar to parameter f defined in equation 10, but the ratio is between the vertical shear and vertical compression velocities, rather than the axial velocities. The transformations between the two alternative parameter sets are symmetrical and could be presented as (see also Tsvankin, 1997) , 
Opening angle
We define the opening angle c 1 as the angle between the phase velocities of the incident and reflected rays. The directions of these velocities are presented by vectors of unit length, and therefore their scalar product is the cosine of the opening angle. The scalar product is invariant to the frame rotation, so that
Recall that in the case of an anisotropic medium, the incident angle is not generally equal to the reflection angle for either ray or phase velocities, and therefore, the half-opening angle c 1 =2 is not equal to the incident or reflection angle.
Opening azimuth
Opening azimuth c 2 represents the orientation of the opening shift Dp ¼ p re À p in , measured in the ray-pair reflection plane S refl , as shown in Figure 7b . For a P À P compression wave in an isotropic medium, the vector of the opening shift Dp is parallel to the reflection surface S refl . In this particular case, the projection of the opening shift onto the reflection surface is equal to the opening shift itself, Dp S ¼ Dp.
For converted waves (P À SV) and for anisotropic medium, (qP À qP and qP À qSV waves), the opening shift and its projection on the reflection plane do not coincide, Dp S = Dp. The orientation of projection Dp S in the reflection plane is determined by opening azimuth c 2 .
Opening reference
To measure the opening azimuth, first we need to define the zero azimuth in the reflection plane S refl . We call the zero azimuth "the opening reference" n A , and we define it as a projection of the north direction N onto the ray-pair reflection surface S refl . The reflection surface is perpendicular to the ray-pair normal n rays , whose Cartesian components in the local frame already are established. We assume that this vector is normalized, i.e., it has a unit length. The components of the north direction in the global frame are
We apply the rotation matrix A T and obtain the local components of the north, N loc . The projection of vector N loc on the reflection surface reads
The calculations are performed in the local frame. The reference azimuth n A lies in the reflection plane (or plane tangent to the reflection surface). We normalize n A for the unit length.
Opening azimuth versus opening reference
Opening azimuth c 2 is the signed angle between opening reference n A and opening shift projection Dp S . Both the projection of the opening shift and the reference azimuth are considered in the ray-pair reflection plane.
We need to find the angle between the two vectors Dp S and n A , along with the sign for this angle. When looking from the arrow of the normal n rays to the ray-pair reflection surface S refl , the rotation from the reference azimuth n A to the projection of the opening shift Dp S could be counterclockwise or clockwise, and this defines the sign of the opening azimuth.
We perform the calculations in the local frame. The opening shift is the difference between the reflected and incident phase velocity directions,
We assume that the incident and reflected-phase directions do not coincide; otherwise their difference vanishes. If nevertheless they do coincide, we set the opening azimuth to zero. The projection of the opening shift on the ray-pair reflection plane is
Note that Brandsberg-Dahl et al. (2003) introduce the scattering vector The scattering vector is collinear with our Dp S , and its length is the sine of the opening angle.
Next we normalize the projection of the opening shift Dp S . Now assume that all three vectors are normalized and have a unit length jn rays j ¼ 1, jDp S j ¼ 1, jn A j ¼ 1. The mixed product of the three vectors gives the sine of the opening azimuth with the correct sign, whereas the scalar product of the opening reference and the opening shift yields the cosine,
The opening reference has also been defined in the literature as the cross-product of the ray-pair normal with the north direction, n rays Â N (e.g., Sava and Fomel, 2005) . This vector is in the reflection plane, and it is normal (p=2 counterclockwise) to the projection n A of the north on the reflection plane. To obtain the opening azimuth, Sava and Fomel, 2005 , use the direction of the cross-product p in Â p re . This vector also is in the reflection plane and is rotated by p=2 counterclockwise with respect to our projection of the opening shift Dp S . Because the azimuthal vector and its reference have the same lag, the opening azimuth c 2 with these two definitions is identical.
SURFACE AND SUBSURFACE OPENING AZIMUTH
The opening azimuth c 2 is defined in the subsurface as a specific azimuthal direction in the tilted reflection plane. In addition, it might be convenient to establish the corresponding surface azimuth c 2 of the opening angle. The surface azimuthc 2 is the signed angle, measured in the horizontal plane xy of the global frame, between the north direction N and an auxiliary vector Dp h , whose projection on the tilted reflection plane S refl coincides with the projection of the opening shift Dp S , as shown in Figure 7a and 7b.
In this section we derive the two-way relationship between the opening azimuthc 2 in the global horizontal plane (on the surface) and the original opening azimuth c 2 defined on the tilted reflection plane (in the subsurface). Note that vector Dp h in the horizontal plane is not a direct projection of the opening shift Dp. The surface azimuthc 2 is measured from the north, whereas the subsurface azimuth c 2 is measured from the opening reference (reference azimuth) n A , which is the projection of the north on the tilted reflection plane. The global axis x of the survey (inline axis) is set by the shooting angle a sh , which defines the azimuth of the inline direction from the north. We distinguish between the surface-to-subsurface transform, c 2 ¼ c 2c2 ð Þ and its inversion, subsurface-to-surfacec 2 ¼c 2 c 2 ð Þ. In practice, we are interested primarily in the subsurface-tosurface mapping because LAD conversion yields the subsurface opening azimuth c 2 in the tilted reflection plane, after which the surface opening azimuthc 2 in the horizontal plane has to be established. However, to derive the subsurface-to-surface transform, we first need to derive the surface-to-subsurface transform. The latter involves finding the angle between the two projections, n A and Dp S , on the tilted reflection plane, given the two azimuthal directions on the horizontal plane, N and Dp h . The subsurface-to-surface transform entails searching for an azimuthal direction Dp h in the horizontal plane, whose projection Dp S on the tilted reflection plane makes a predefined angle with the reference azimuth n A .
Surface-to-subsurface transform of opening azimuth
The Cartesian components of the north in the global frame are listed in equation 20. They are defined by the shooting azimuth a sh , as shown in Figure 7a . The Cartesian components of the azimuthal direction Dp h in the horizontal plane are
The tilted reflection plane is defined by its normal n rays , which in turn has the dip angle m 1 and the azimuth m 2 in the local background frame. We can find the direction of the ray-pair normal in the global frame. For this, we convert its spherical angles into Cartesian components, rotate these components from the local frame to the global using the rotation matrix defined in equation 2, and then convert the Cartesian components in the global frame into the global spherical angles m 
According to the definition of the azimuthal direction Dp h , its projection on the reflection plane S refl coincides with the projection Dp S of the opening shift Dp on the same plane. The nonnormalized components of vector Dp S are 
Because both vectors N and Dp h are in the horizontal plane, they have no vertical component. We emphasize that whereas N S and Dp S are projections of N and Dp h , respectively, onto the tilted reflection plane, the reverse is not true: Vectors N and Dp h are not projections of N S and Dp S onto the horizontal plane. According to equation 28, the length of the in-plane counterpart of the north (i.e., the nonnormalized opening reference) is
According to equation 29, the length of the in-plane projection Dp S is
The scalar product of the two in-plane counterparts defines the cosine of the angle between them, 
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The mixed product of the two in-plane counterparts and the normal to the tilted plane defines the sine of the angle between the two in-plane counterparts, 
The opening azimuth c 2 between the projection of the north and the projection of vector Dp h , measured in the tilted reflection plane, is shown in Figure 7a . It is considered positive if the rotation from the opening reference to the projection Dp S of vector Dp h goes counterclockwise, when observed from the arrow of the ray-pair normal n rays . We introduce notation u for the difference between the azimuth of the ray-pair normal and the north,
Parameter u is the azimuth of the normal to the reflection plane with respect to the north. With this in mind, the transform equations 32 and 33 simplify to
The subsurface azimuth c 2 is defined fully by its sine and cosine. In addition, one can define the difference (the azimuthal lag),
between the subsurface (tilted) azimuth and the horizontal (surface) azimuth. The lag k lag is a periodic function ofc 2 , and the period is p. Function k lagc2 ; u ð Þ also is a periodic function of u, with the same period.
Subsurface-to-surface transform of opening azimuth . As we see, for large dip angles, the lag amplitude becomes meaningful (tens of degrees). The lag can be both positive and negative. 
. Plots are obtained using subsurface-tosurface transforms of the opening anglẽ c 2 ¼c 2 c 2 ð Þ. Lag d ¼ c 2 Àc 2 is the difference between the subsurface and surface azimuths.
CONVERTED WAVES
For converted waves, the incident ray is a P wave and the reflected ray is an SV wave. The SV polarization plane passes through the phase velocity and the medium axis of symmetry. Conversion occurs when the incident compression P wave strikes an interface in a nonnormal direction, generally resulting in four propagation modes: reflected and transmitted P waves, and reflected and transmitted SV waves. In an anisotropic medium, the motion of particles is neither strictly longitudinal nor strictly transverse, so that the wave modes are quasi P and quasi SV. While considering a full reflection in this study, we analyze the reflected qP and qSV waves separately.
For isotropic medium and converted waves, we present an analytic solution of the inverse problem. The incident and reflection angles are
where c 1 is the opening angle, and D is the reflection residual to be established. Based on Snell's law,
where V P and V S are the compression and shear velocities, and the solution is
We have developed an iterative numerical procedure for inversion with converted waves in TTI media, where the above analytic solution is applied as an initial approximation.
INVERSE LAD TRANSFORM
In the inverse transform we assume that the four angles of the local domain are provided. Our objective is to find the direction of phase velocities of the incident and reflected/transmitted rays in the global frame of reference, for the purpose of kinematic and dynamic analysis. For example, tomographic inversion and AVAZ analysis use as input the full-azimuth reflection angle gathers I c (z, c 1 , c 2 ), where the main contribution to the angle-dependent reflectivity is obtained from the specular direction.
In addition to the LAD angles, the input data include the properties of the medium, and the orientation of the background normal n b glob . For the TTI, the properties of the medium are the orientation of the axis of symmetry n axis glob , and the Thomsen parameters. The orientation of the background reference normal n b glob and the orientation of the medium axis of symmetry n axis glob both are specified in the global frame of reference. For an isotropic medium, we derive a closed-form inverse solution, which makes it possible to map the LAD angles to the direction of the incident and reflected-phase velocities in the global frame. Regarding the TTI medium or a general anisotropy, the inverse LAD transform includes a numerical solution of a nonlinear equation, which yields the difference between the incidence and reflection angles.
The given data are the four LAD components (in the local frame of reference): dip and azimuth of the ray-pair normal, m 1 and m 2 , respectively, opening angle c 1 and opening azimuth c 2 . The components of the ray-pair normal are 
The ray-pair reflection plane S refl is perpendicular to the raypair normal. The opening reference and opening azimuth c 2 are defined in this ray-pair reflection plane. The opening reference n A is the projection of the north on the reflection plane, and its components are defined by equation 23. Consider a new frame of reference created by three orthogonal axes (in the order of the sequence below)
This frame is shown in Figure 9 . The projection of the opening shift vector on the reflection plane Dp S can be expanded to a linear combination of two vectors,
The opening angle between the phase velocities of the incident and reflected rays is c 1 . Assume that the incident angle (between the ray-pair normal and phase velocity of the incident ray) is a in , and the reflection angle (between the ray-pair normal and phase velocity of the reflected ray) is a re , as shown in Figure 9 . We call parameter D the reflection residual,
In an isotropic medium, the reflection residual vanishes, except for converted waves. In an anisotropic medium, the reflection residual might be positive or negative, depending on the orientation of the medium axis of symmetry and the Thomsen anisotropy parameters. Figure 9 . LAD inversion scheme. Reflection residual D is halfdifference between the incident a in and reflection a re angles in the subsurface, for anisotropic media. 
EXAMPLES: SURFACE ACQUISITION VERSUS SUBSURFACE LAD
In this section we use the SEG/EAGE salt model to show the relationship between the surface geometry parameters and LAD parameters associated with image points located along given subsurface reflectors below salt. Point diffraction ray tracing is used to shoot a set of dense one-way rays from the image points in all directions, up to the surface, an example of which is shown in Figure 10 . Ray pairs, indicating incident and reflected/ diffracted rays, are formed by combining source rays (arriving to the surface in the vicinity of given source locations) and receiver rays (arriving to the surface in the vicinity of given receiver locations). Throughout the imaging process, each ray pair maps a specific seismic data event recorded on the acquisition surface into the 4D local angle-domain (LAD) space in the subsurface (forward LAD transform): dip and azimuth of the raypair normal, opening angle and opening azimuth (see Figure 1 ).
Following the scheme described in Figure 2 of Part 1, the four source-receiver surface coordinates (two for the source, two for the receiver) are defined according to their displacement and offset vectors. Each vector is defined by its magnitude and azimuth, where the displacement magnitude is the horizontal distance between the source-receiver midpoint and the image location (also referred to as migration aperture distance). Figure 11 demonstrates the ray-pair illumination intensity (hit counts) that can be observed in acquisition surface and subsurface angle systems, comparing results from three different locations along inline 360 on the flat horizon at a depth of 3 km (crosslines: 200, 325 and 350, indicated by black bold dots in Figure 10 ).
The upper rose diagrams show the illumination intensity of all ray pairs arriving to the surface from different distances and azimuths. Only ray pairs whose midpoints are within the specified migration aperture and whose offsets (magnitudes and azimuths) correspond to the given acquisition geometry (with specified tolerance) are considered. The narrow azimuth acquisition pattern of this data set is seen clearly; only offsets in the shooting directions (near zero azimuth) exist and therefore are illuminated. Warm colors refer to high illumination values and cold colors to low values.
The illumination variations along the offset axis are a result of different contributions from different subsurface directions and opening angles. The lower rose diagrams show the corresponding illumination intensity at the subsurface points with respect to the opening angle and opening azimuth. Note that for the image point located at crossline 325, the correlation between the surface and subsurface azimuths is quite poor -the narrow azimuth surface offsets correspond to a wide range of subsurface opening angles and azimuths, with a dominant shifted azimuth of about 408 counterclockwise.
A second example demonstrates the analysis that can be performed in poorly imaged areas. Full multidimensional subsurface-to-surface illumination analysis is performed for a given subsurface image point located along a tilted surface just below the wedge-shaped structure of the salt base (Figure 12 ). The Figure 10 . Example of point-diffraction rays traced from a subsalt point, where only a subset of the traced rays arrive to the surface within the given aperture. Source and receiver rays are combined into a set of ray pairs, which are used for the surface and subsurface illumination study shown in Figure 11 . diffracted ray fan is shown in green. The ray pairs within offset magnitude about 6 km along east-west direction (approximately) are shown in yellow. All available ray-based and wave equationbased migration techniques, including reverse time migration (RTM), fail to image this area. Ray tracing is performed with respect to the background directivity (direction of the normal to the reflector at the given image point, with a dip angle of 6.58 and an azimuth of 8.58 with respect to the north). Specular ray pairs then are formed, with a tolerance of 58 with respect to the background dip.
The image point is located at inline 360, crossline 318, and depth 2.5 km. In this example, we first assume full-azimuth acquisition geometry. Figure 13d shows the subsurface directional illumination, where the blue color in the central angle bins indicates poor illumination in the specular direction. The corresponding surface displacement (migration aperture) is displayed in Figure 13b . Figure 13c shows the distribution of the half-opening angles and azimuths, and Figure 13a displays the corresponding offsets and azimuths. The offset bin regions along east-west direction, which include the largest number of ray pairs arrived Figure 11 . Ray-pair illumination intensity computed in acquisition surface (upper rose diagrams) and subsurface angle systems (lower rose diagrams), comparing results from three locations along inline 360 on the flat horizon at a depth of 3500 m (crosslines: 200, 325 and 350, indicated by black bold dots in Figure 10 ). Warm colors refer to high illumination values and cold colors to low values. Note that for the image point located at crossline 325, the correlation between the surface and subsurface azimuths is poor-the narrow azimuth surface offsets correspond to a wide range of subsurface opening angles and azimuths, with a dominant shifted azimuth of about 408 counterclockwise. (a) Illumination versus surface offset and azimuth for image point at crossline 200, (b) illumination versus surface offset and azimuth for image point at crossline 325, (c) illumination versus surface offset and azimuth for image point at crossline 350, (d) illumination versus subsurface reflection angle and opening azimuth for image point at crossline 200, (e) illumination versus subsurface reflection angle and opening azimuth for image point at crossline 325, (f) illumination versus subsurface reflection angle and opening azimuth for image point at crossline 350.
to the acquisition surface, are plotted in red. The corresponding ray pairs with the lines connecting the source to the receiver on the earth surface are shown in yellow in Figure 12 .
Note that only far offsets (near 6 km) are available within east-west direction. This azimuth is very different from the shooting direction (in this case, south-north). Thus, to image this area, larger offsets and a wide-azimuth acquisition are required.
CONCLUSIONS
Part 1 describes an imaging system for generating two types of continuous, full-azimuth, angle-domain image gathers: directional and reflection. Part 2 provides the detailed derivations involved in the local angle domain (LAD) system used in Part 1. The set of four angles within the LAD is introduced for anisotropic media and converted waves. Forward and inverse transforms between the LAD and the directions of the incident and reflected rays are described. The opening azimuth mapping is derived from the subsurface tilted reflection plane to the global horizontal plane, and vice versa. We show that in complex geological structures, especially subsalt, the correlation between the surface offset azimuth and the subsurface opening angle azimuth can be relatively poor, indicating the need to analyze data directly at the subsurface local angle domain. The directional-based rose diagrams provide information about the illumination in the specular direction, which indicates potential imaging quality. Figure 12 . Example of point-diffraction rays traced from a subsalt point located along a tilted surface just below the wedge-shaped structure of the salt base. The combined ray pairs (yellow) show that only large offsets and azimuths that significantly differ from the acquisition geometry direction are available, explaining the poor imaging obtained at this area. The image point is located at inline 360, crossline 318, and depth 2.5 km. Figure 13 . Ray-pair illumination intensity computed from the yellow ray pairs shown in Figure  12 , displayed as rose diagrams: (a) Illumination versus surface offset and azimuth, (b) illumination versus surface displacement and azimuth, (c) illumination versus subsurface reflection angle and opening azimuth, (d) illumination versus subsurface direction: dip and azimuth.
